We revisit the gauging of rigid symmetries in two-dimensional bosonic sigma models with a WessZumino term in the action. Such a term is related to a background closed 3-form H on the target space. More exactly, the sigma-model Feynman amplitudes of classical fields are associated to a bundle gerbe with connection of curvature H over the target space. Under conditions that were unraveled more than twenty years ago, the classical amplitudes may be coupled to the topologically trivial gauge fields of the symmetry group in a way which assures infinitesimal gauge invariance. We show that the resulting gauged Wess-Zumino amplitudes may, nevertheless, exhibit global gauge anomalies that we fully classify. The general results are illustrated on the example of the WZW and the coset models of conformal field theory. The latter are shown to be inconsistent in the presence of global anomalies. We introduce a notion of equivariant gerbes that allow an anomalyfree coupling of the Wess-Zumino amplitudes to all gauge fields, including the ones in non-trivial principal bundles. The obstructions to the existence of equivariant gerbes and their classification are discussed. The choice of different equivariant structures on the same bundle gerbe gives rise to a new type of discrete-torsion ambiguities in the gauged amplitudes. An explicit construction of gerbes equivariant with respect to the adjoint symmetries over compact simply connected simple Lie groups is given.
I. INTRODUCTION
Gauge invariance constitutes one of the basic principles underlying the theoretical description of physical reality. The occurrence of its violations, called gauge anomalies [3] , in certain models of quantum field theory with chiral fermions yields a powerful selection principle for the model building in high energy physics [54] . Gauge anomalies may describe violations of infinitesimal gauge invariance, or, if the latter holds, the breakdown of invariance under large gauge transformations not homotopic to identity [56] . The second type goes under the name of global gauge anomalies. Anomalies similar to the ones in theories with chiral fermions occur also in effective bosonic models describing the low energy sector [49] . Such effective theories contain Wess-Zumino (WZ) terms in the action [55] , see, e.g., the review [44] . The emergence of global gauge anomalies in bosonic theories with WZ terms on the Euclidian space-time compactified to the four-dimensional sphere was extensively analyzed following the work [56] , see [11] .
Starting with Witten's paper [57] on non-Abelian bosonization, the two-dimensional Wess-Zumino ac-tions for bosonic sigma models with Lie-group targets were studied quite thoroughly in the context of the Wess-Zumino-Witten (WZW) models of conformal field theory (CFT). In the latter setting, the problem how to gauge rigid symmetries was solved, at least in the simplest cases, almost from the very start [8] . Nevertheless, the general question about the coupling of two-dimensional Wess-Zumino actions to gauge fields in a way invariant under infinitesimal gauge transformations was posed and answered only a few years later in [36] and in [35] . Besides, this was done only for topologically trivial gauge fields described by global 1-forms on the worldsheet. The conditions that permit such gauging and the obstructions to their fulfillment were subsequently interpreted in [13, 14] in terms of equivariant cohomology, as first indicated in [58] , see also [59] . The issue of general gauge invariance of gauged two-dimensional WZ actions was addressed only very briefly at the end of [13] and, in the context of the T -duality, in [33, 34] . We make it the main topic of the present study.
A convenient tool to treat topological intricacies of Wess-Zumino actions [1, 17] on closed twodimensional worldsheets is provided by the theory of bundle gerbes with connection [42, 43] . For topologically trivial gauge fields, we identify the global gauge anomalies of gauged WZ actions as the isomorphism classes of certain flat gerbes over the product of the symmetry group Γ and the target space M . Such isomorphism classes correspond to the classes in the cohomology group H 2 (Γ × M, U (1)) that may often be calculated explicitly. In particular, we show how to do it in the case of WZW models. This permits us to prove that, after the gauging of an adjoint symmetry, some of bulk WZW models with non-simply connected target groups exhibit global gauge anomalies. The latter lead to the inconsistency of the corresponding coset models of CFT [29, 30] realized as gauged WZW models with the gauge fields integrated out [2, 21, 22, 39] . This is the main surprise resulting from our study.
We also address the problem of the coupling of WZ actions to topologically non-trivial gauge fields given by connections in non-trivial principal bundles of the symmetry group. It was indicated in [32] that such a coupling plays an important role in the construction of consistent coset theories. It seems also important in the T -duality [33] . We show that the existence of certain equivariant structures on gerbes, considered already before for discrete symmetry groups in [27] , enables a non-anomalous coupling to all gauge fields and we analyze in a cohomological language the obstructions to the existence of such structures and their classification. Different choices of the equivariant structure lead to gauge amplitudes that differ by phases given by characters of the fundamental group of the (connected) symmetry group. The appearance of such discrete-torsion like phases in the sector with topologically non-trivial gauge fields was envisaged in [32] . We give an explicit construction of all non-equivalent equivariant structures relative to the adjoint symmetries on gerbes relevant for the WZW models with compact simply connected target groups.
The paper is organized as follows. In Sec. II, we recall the role of bundle gerbes in the definition of the Feynman amplitudes of two-dimensional sigma models with a WZ action (in Sec. II A) and we characterize rigid symmetries of such amplitudes (in Sec. II B). Sec. III is devoted to the coupling of WZ actions to topologically trivial gauge fields. In Sec. III A, we recall the old result of Jack-JonesMohammedi-Osborn [36] and Hull-Spence [35] describing the coupling of a WZ action to the gauge fields of its symmetry group. In Sec. III B, we review the interpretation, due to Witten [58] and Figueroa-O'Farrill-Stanciu [13, 14] , of the conditions that permit such gauging in terms of the Cartan model of equivariant cohomology, and, in Sec. III C, we study further implications of those conditions. Sec. IV. is devoted to global gauge anomalies in theories with a WZ action coupled to topologically trivial gauge fields. Sec. IV A derives the transformation law of the Feynman amplitudes under general gauge transformations and identifies, in cohomological terms, the obstruction to the invariance of the amplitudes under large gauge transformations not homotopic to identity. The general discussion is illustrated in Sec. IV B by the example of WZW models with non-simply connected target groups and gauged adjoint symmetry. In Sec. IV C, we show that our results are consistent with the known solution for the partition functions of WZW models and in Sec. IV D, we examine the toroidal partition functions of the coset models in the presence of global anomalies. Sec. V is devoted to the coupling of WZ actions to topologically nontrivial gauge fields. In Sec. V A, we define gerbes with equivariant structure. In Sec. V B, we describe how to use such structures to define WZ amplitudes coupled to gauge fields with arbitrary topology. The general gauge invariance of such amplitudes is proven in Sec. V C. In Sec. VI, we study subsequently the obstructions to the existence of the three layers of an equivariant structure on gerbes (in Secs. VI A, VI C and VI D). We use the local-data description of gerbes that is recalled in Sec. VI B. The classification of equivariant gerbes is discussed in Sec. VI E. Sec. VI F examines the change of the WZ amplitudes induced by a change of the equivariant structure of the gerbe. Next Sec. VII contains an explicit construction of equivariant structures relative to the adjoint symmetry on gerbes relevant for the WZW models with compact simple and simply connected target groups. In Sec. VII A, we recall the construction of the corresponding gerbes over the target groups and in Secs. VII B, VII C and VII D, we build the different layers of the equivariant structure. Finally, Sec. VIII summarizes our results and discusses directions for future work. More technical proofs are collected in nine Appendices.
Consequently, the gerbe holonomy is fully determined for the boundary values of fieldsφ by the gerbe curvature H. On the other hand, taking a 3-dimensional ball forΣ ones infers easily that the gerbe holonomy determines the gerbe curvature H. The converse is true only if the homology group H 2 (M ) is trivial.
The (bundle) gerbes (with unitary connection) G over M form a 2-category Grb ∇ (M ) with 1-morphisms between gerbes and 2-morphisms between 1-morphisms [48] . Below, we shall denote by Id as well the identity maps between spaces as the identity 1-isomorphisms between gerbes and the identity 2-isomorphisms between 1-isomorphisms, with the meaning of the symbol that should be clear from the context. Gerbes G possess duals G * with opposite curvature and inverse holonomy, tensor products G 1 ⊗ G 2 with added curvatures and multiplied holonomies, and pullbacks f * G under smooth maps f of the underlying base manifolds with curvatures related by the pullback of 3-forms and the same holonomies of maps ϕ related by the composition with f . Up to 1-isomorphisms, gerbes are classified by their holonomy. Indeed, two gerbes with the same curvature differ, up to a 1-isomorphism, by a tensor factor that is a flat gerbe (i.e. has vanishing curvature). Their holonomies differ by the the flat gerbe holonomy factor that determines a cohomology class in H 2 (M, U (1)) = Hom(H 2 (M ), U (1)). All the elements of H 2 (M, U (1)) may be obtained this way. 
III. COUPLING TO TOPOLOGICALLY TRIVIAL GAUGE FIELDS
A natural question arises whether g-invariant Feynman amplitudes A WZ (ϕ) may be gauged, i.e. coupled to gauge fields in a gauge-invariant way. First, we shall discuss the case of topologically trivial gauge fields given by global g-valued 1-forms A on the worldsheet Σ.
A. Gauging prescription
In the particular instance when the WZ Feynman amplitudes are determined by a global g-invariant 2-form B with dB = H, one may realize the gauging by replacing B with its minimally coupled version B A which is a 2-form on Σ × M : Above, for X ∈ g and α a differential form, we define ιX ⊗α = α ιX (omitting the wedge sign for the exterior product of differential forms). The gauged Wess-Zumino action has then the form
where φ = (Id, ϕ) : Σ / G Σ × M . It is well known that the minimal coupling gives an action that is invariant under infinitesimal gauge transformations induced by the maps Λ : Σ / G g. This means that The invariance (3.3) will also follow from the considerations below.
In the more general case when the Feynman amplitudes A WZ (ϕ) are given by the gerbe holonomy, see Eq. (2.2), one may still postulate that the coupling to the gauge fields is realized by terms linear and quadratic in A, resulting in the replacement of A WZ (ϕ) by 5) where v(X) are 1-forms on M linearly dependent on X ∈ g, u(X ∧ Y ) are functions on M linearly dependent on X ∧Y ∈ g∧g and, for a form α on Σ, v(X ⊗α) := v(X)α and u((X ∧Y )⊗α) := u(X ∧Y ) α denote the induced forms on Σ × M . Necessary conditions for the consistency of such a coupling were found in [36] and [35] . They are summarized in 
for all X, Y ∈ g, with the functions u given by
For completeness, we give in Appendix 1 a proof of this result by arguments close to the original ones of [36] and [35] .
Remark 3.2.
1. The 1-forms v(X) satisfying Eqs. (3.6) may be modified by 1-forms w(X) (also linear in X) satisfying the homogeneous version of these equations.
2. To make contact with refs. [36] and [35] 
Denoting by ι a and L a the contraction with and the Lie derivative w.r.t. the vector fieldt a , the relations (3.6) and (3.7) may be rewritten as
In view of Proposition 3.1, it will be convenient to introduce a 2-form ρ A on the product manifold Σ × M and a gerbe G A over the same space by the formulae
ιĀv(A)
and
Eq. (3.5), together with the conditions (3.6) and (3.7) on its entries, may then be summarized in the following Definition 3.3. Let G be a gerbe with curvature H over a Γ-space M , and let v(X) be 1-forms on M , linearly dependent on X ∈ g, satisfying conditions (3.6). The Wess-Zumino contribution of a field ϕ : Σ / G M to the Feynman amplitude coupled to gauge field 1-form A on Σ is defined as
where, as before, φ = (Id, ϕ). Below, we shall need two easy implications of relations (3.6) whose straightforward proof is left to the reader. They will be employed repeatedly below. Lemma 3.6. Relations (3.6) imply that
(3.12)
B. Equivariant-cohomology interpretation
In refs. [13, 14] , see also [58] and [59] , relations (3.6) were interpreted in terms of equivariant cohomology.
Let Ω(M ) denote the space of differential forms on M . Recall that the Cartan complex for equivariant cohomology is formed of polynomial maps
which satisfy
(Ad e tX Y ) for X, Y ∈ g . (3.14)
We shall call such maps g-equivariant forms. Note that relation (3.14) holds if and only if
for γ in the connected component Γ 0 of 1 in Γ. We shall say that a formω is Γ-equivariant if the relation (3.15) is satisfied for all γ ∈ Γ. Of course, the two notions of equivariance coincide if the group Γ is connected. The g-equivariant (Γ-equivariant) forms make up the complex Ω
) with the Z-grading that adds twice the degree of the polynomial to the degree of the form and with the differential of degree 1 given by the formula (dω)(X) = dω(X) − ιXω(X) .
(3.16)
The following result was obtained in [13, 14] :
A g-equivariantly closed 3-formĤ = H + v(X) extends the closed g-invariant 3-form H if and only if the 1-forms v(X) satisfy conditions (3.6).
Proof. The g-equivariance ofĤ is the relation
that, in view of the g-invariance of H, reproduces the middle equality in (3.6). On the other hand, the formĤ is g-equivariantly closed when
which, using that dH = 0 , is equivalent to the left and the right equalities of (3.6).
Remark 3.8. The freedom of choice of v(X) mentioned in Remark 3.2(1) consists of the addition of a 1-form w(X) that is g-equivariantly closed.
The g-equivariantly closed 3-formĤ = H + v(X) may be related directly to the curvature of the gerbe G A of Eq. (3.9) which is equal to the 3-form
Lemma 3.9. 20) where
is the gauge-field strength 2-form.
, we obtain, using the left one of relations (3.6):
Eq. (3.11) permits to transform the last term on the right-hand side and to show that
Remark 3.10. The minimal coupling operator exp(−ιĀ) may be naturally interpreted within equivariant cohomology, see [37] . Let us only mention here that it satisfies the relation
C. More equivariance properties
We shall assume below that the 3-form H extends to the Γ-equivariantly closed 3-formĤ(X) = H +v(X). This means, along with conditions (3.6), that
for all γ ∈ Γ and all X ∈ g, see Eq. (3.15) . In this section, we shall calculate the pullback ℓ * H of the 3-form H along the action map ℓ : Γ × M / G M . The result provides another way to express equivariance properties of H that will be used in the sequel.
More generally, we shall discuss below forms and gerbes over the product spaces Γ p−1 × M that will be considered as Γ-spaces with the adjoint action of Γ on the factors in Γ p−1 and the original one on
. All these maps commute with the action of Γ. Finally, we shall abbreviate ℓ * i1...i k p H := H i1...i k p . Similar self-explanatory shorthand notations will be employed for other forms, gerbes and gerbe 1-and 2-morphisms, also living on other product spaces.
Let us start by considering the pullback H 12 = ℓ * H of the 3-form H to Γ × M . The 1-forms v(X) on M define a 2-form
on Γ × M . Note the similarity to formula (3.9) for the 2-form ρ A .
Proof. In order to find an explicit expression for H 12 , a useful tool is the observation that, for a form 27) where Θ = t a Θ a = γ −1 dγ is the g-valued Maurer-Cartan 1-form on Γ. As before, we use the notations ιX ⊗α := αιX and v(X ⊗ α) := v(X)α for X ∈ g and α a form, dropping the exterior product sign. Eq. (3.27) makes explicit the contributions to ℓ * ω with differentials along Γ and along M . Application of identity (3.27) 28) where the last but one equality was obtained by employing relations (3.6) and Lemma 3.6, and the last equality follows from the structure equation
for the Maurer-Cartan forms. The result is the claimed identity.
Remark 3.12.
1. Similarly one may prove the relationĤ
which gives an equivariant extension of Lemma 3.11.
2. Lemma 3.11 implies that if w(X) is a 1-form linearly dependent on X that is Γ-equivariantly closed, then the 2-form
on Γ × M is closed, see Remark 3.8. This is still true if w(X) is only g-equivariantly closed.
Lemma 3.13. The 2-form ρ defined in Eq. (3.26) has the following properties:
1. ρ is a Γ-invariant form on Γ × M .
As forms on
A proof of Lemma 3.13 may be found in Appendix 2.
IV. GLOBAL GAUGE ANOMALIES A. General gauge transformations
As we have seen, conditions (3.6) assure the infinitesimal gauge invariance of the Feynman amplitudes (3.10) . In the present section, we shall examine the behavior of the amplitudes under general gauge transformations generated by Γ-valued smooth maps h : Σ / G Γ. Such maps act on the space Σ × M by
on the sigma-model fields ϕ : Σ / G M by
where (hϕ)(x) = h(x)ϕ(x), and on the gauge fields according to the formulae
3)
The infinitesimal gauge transformations are then generated by taking h = e −tΛ for Λ : Σ / G g and expanding to the 1 st order in t. Let us start by establishing the transformation rule of the curvature 3-form H A of gerbe G A over Σ × M under maps (4.1).
Lemma 4.1. The 3-form H A defined in (3.19) transforms covariantly under the general gauge transformations h : Σ / G Γ :
Proof. By virtue of the formula (3.27), Lemma 3.9, the identity
that holds on M , and relations (3.24), we have: 6) where the last equality follows from relations (4.3).
We shall need below a few simple facts from the theory of gerbes. First, the pullback and the tensor product of gerbes commute. Second, the pullback of the gerbe I B associated to a 2-form B is a similar gerbe associated to the pullback 2-form. Third, the tensor product of gerbes I B1 ⊗ I B2 for 2-forms B i on the same space may be identified with the gerbe I B1+B2 . Fourth, the tensor product G ⊗ G * of a gerbe with its dual is canonically isomorphic to the trivial gerbe I 0 which provides the unity of the tensor product. Fifth, if two gerbes are 1-isomorphic then so are their tensor products by a third gerbe and their pullbacks by the same map.
To find out the transformation rules of the Feynman amplitudes under general gauge transformations, we have to compare the amplitudes A WZ (hϕ, hA) and A WZ (ϕ, A). Since
for φ = (Id, ϕ), it will be enough to compare the gerbes L * h G hA and G A whose curvatures, equal to L * h H hA and H A , respectively, coincide by Lemma 4.1. From the latter property, it follows that those two gerbes are related up to 1-isomorphism by tensoring with a flat gerbe which we shall identify now. Consider the gerbe
over Γ × M . It follows from Lemma 3.11 that F is flat.
A proof of Proposition 4.2 by a chain of relations, based on the properties of gerbes listed above, may be found in Appendix 3.
Taking into account relations (4.7) and the identities 
One can be more specific. Note that from Eq. (4.8) it follows that
In particular, taking h = 1, we infer that Hol F ((1, ϕ)) = 1. Indeed, the 2-form (1, ϕ) * ρ on Σ vanishes because the 2-form ρ is composed of terms of degree ≤ 1 in the direction of M . More generally, since the flat-gerbe holonomies of homotopic fields coincide in virtue of the holonomy property (2.4), Hol F ((h, ϕ)) = 1 if h is homotopic to 1. The class [F ] , that will be more carefully studied in Sec. VI, is the obstruction to the invariance of the Feynman amplitudes (3.10) under large gauge transformations. In other words, a non-triviality of the class [F ] leads to a global gauge anomaly in the two-dimensional sigma model with the Wess Zumino term corresponding to the gerbe G and coupled to topologically trivial gauge fields.
In the above analysis, we kept fixed the Γ-equivariant extensionĤ + v(X) of the curvature H of the gerbe G. A natural question arises whether one may use the freedom in the choice of v(X) to annihilate the global gauge anomaly. Clearly, the answer is that it may be done if and only if there exists a 1-form w(X) that is Γ-equivariantly closed for which [ . In many contexts, however, e.g., in applications to WZW and coset models of conformal field theory, that we shall discuss below, v(X) is a part of the structure tied to the symmetries of the theories and should not be changed.
Similarly, one may ask whether it is possible to annihilate the global gauge anomaly by an appropriate choice of gerbe G, keeping the curvature form fixed. Since this involves tensoring G with flat gerbes whose 1-isomorphism classes belong to H 2 (M, U (1)), the answer is that this is possible if and only if
. A change of G to another non 1-isomorphic gerbe, however, implies a non-trivial change of the Feynman amplitudes of the ungauged sigma model, i.e. of the model itself.
B. Global gauge anomalies in WZW amplitudes
As an example, let us consider the case when M = G, where G is a connected compact semi-simple Lie group, not necessarily simply connected. One has: G =G/Z, whereG = × lGl is the covering group of G that decomposes into the product of simple factors, and Z is a subgroup of the centerZ = × lZl ofG. The factorsZ l are cyclic except for those equal to Z 2 2 corresponding toG l = Spin(4r). The Lie algebra g ofG decomposes as ⊕ l g l into the direct sum of simple factors. Let h be a Lie subalgebra of g corresponding to a connected but not necessarily simply connected closed subgroupH ⊂G that maps onto a closed connected subgroup Γ ofG/Z. Clearly, h is also the Lie algebra of Γ and Γ =H/Z Γ with Z Γ =H ∩Z. We shall consider G with the adjoint action of Γ. Definition 4.6. Below, we shall call a Γ-space M = G as above the one of the coset-model context.
In the simplest case, h = g and Γ =G/Z. In what follows, the reader may think about this example.
Over the group G =G/Z, we shall consider the gerbe G k with the curvature 3-form
where Θ = g −1 dg is the g-valued Maurer-Cartan 1-form on G and k tr XY := k l tr l X l Y l stands for the ad-invariant negative-definite bilinear form on g given by the sum of such forms on g l normalized so that, if G =G, then the form H k has periods in 2πZ if and only if the level k = (k l ) is composed of integers. For non-simply connected groups G, k has to satisfy more stringent selection rules [15, 24, 40] . The holonomy of gerbes G k provides the Wess-Zumino part of amplitudes for the WZW sigma models of conformal field theory [57] , see the next section.
Definition 4.7. We shall call G k the WZW gerbes.
There may be several non-1-isomorphic WZW gerbes G k over G (their 1-isomorphism classes are counted by elements of H 2 (Z, U (1)) in the discrete group Z cohomology [4] ). The adjoint action of groupG/Z leaves the 3-forms H k invariant. For X ∈ g, the vector fieldX on G induced by the infinitesimal adjoint action:
so that, upon setting
the left one of conditions (3.6) is satisfied. The 1-forms v k (X) satisfy also the other conditions of (3.6). Indeed,
14)
Of course, we may restrict X, Y above to take values in the subalgebra h ⊂ g. The 2-form ρ k,A on Σ × Γ given by Eq. (3.9) and the 2-form ρ k on Γ × G given by Eq. (3.26) are given now by the formulae 17) where Θ(γ) = γ −1 dγ is the Maurer-Cartan form on Γ. The 2-form ρ k,A enters the coupling, described in Definition 3.3, of the Wess-Zumino action to the h-valued 1-form A on Σ.
Let us compute the holonomy of the flat gerbe
Recall that the non-triviality of such holonomy obstructs the invariance of the Wess-Zumino amplitudes of Definition 3.3 under large gauge transformations. By Eq. (4.10), for h : Σ / G Γ and ϕ : Σ / G G,
Since F k is flat, the above holonomy depends only on the homotopy classes [h] and [ϕ] of the maps h and ϕ. Besides it does not depend on whether we treat h as a map with values in Γ or inG/Z. In the latter case, the homotopy classes of the maps h are in one-to-one relation with the elements of Z 2ω Γ , where ω is the genus of Σ. The element (z 1 ,z 2 , ...,z 2ω−1 ,z 2ω ) corresponding to [h] is given by the windings of h described by the holonomies
of the non-Abelian flat gauge field h * (Θ) on Σ. Above, P stands for the path-ordering (from left to right) along paths a j , b j , j = 1, . . . , ω, that generate a fixed marking of the surface Σ, the latter assumed here to be connected, see to Z 2ω . By pinching off the handles of the surface the same way as in Sec. III of [25] , one notes, using the commutativity of the fundamental groups ofG/Z and of G, that
Hence, the calculation of c h,ϕ reduces to the genus 1 case with Σ = S 1 × S 1 . Let us choose the Cartan subalgebras t h ⊂ h and t g ⊂ g so that t h ⊂ t g . On Σ = S 1 × S 1 , one may take h = hp∨ 
, the formula (4.18) gives
That the right hand side depends only on the windings is assured by the restrictions on the level k that guarantee the existence of the WZW gerbe G k on G. The holonomy of the flat gerbe F k is trivial if and only if the above expression is always equal to 1 for the windings restricted as above (compare to a similar discussion in [25] ). From Corollary 4.3, we obtain The best known case with a non-simple groupG isG = SU (2) × SU (2). The restrictions on the level k = (k 1 , k 2 ) imposed by the existence of the gerbe G k with curvature
For Γ =G/Z = SO(3) × SO (3), with the adjoint action on G andp i ,p
We infer from this expression that the only case with a global anomaly of the gauged WZ amplitudes (3.10) of Definition 3.3 is the one with G = (SU (2) × SU (2))/diag Z 2 with odd k 1 , k 2 . If one restricts, however, the group Γ to the diagonal SO(3) subgroup of SO(3) × SO(3) then the global gauge anomaly disappears. Another anomalous example with a non-simple group is
The non-anomalous gauging of the adjoint action of the diagonal SO(3) subgroup in the WZW model with groups (SU (2) × SU (2))/Z is used in the coset model construction [30] of the unitary minimal models of conformal field theory [18, 22, 32] . Other coset theories involve other versions of gauged WZW amplitudes and may suffer from global anomalies, as will be discussed below.
C. Anomalies and WZW partition functions
The results of the calculation of the global-gauge-anomaly phases in the last section are consistent with the exact solution for the toroidal partition functions of the WZW models of conformal field theory in an external gauge field.
Let us start by considering the level k WZW sigma model on a closed Riemann surface Σ with the Lie group G =G/Z as the target manifold. The Feynman amplitude of a field ϕ : Σ / G G in the background of the external gauge field described by a g-valued 1-form A on Σ is given by the formula
where ∂ A = ∂ + ad A 10 and∂ A =∂ + ad A 01 are the minimally coupled Dolbeault differentials relative to the complex structure of Σ, for A = A 10 + A 01 . The WZ amplitude A WZ (ϕ, A) is related to the holonomy of the WZW gerbe G k on G, with the adjoint action of the group Γ =G/Z gauged as described previously.
Let Σ = T τ := C/(2πZ + 2πτ Z) be the complex torus with the modular parameter τ = τ 1 + iτ 2 , where the imaginary part τ 2 > 0. The toroidal partition function is formally defined by the functional integral over the space of maps ϕ :
Its exact form may be found from (formal) symmetry properties of the functional integral. The result has a specially simple form for the gauge fields
with u in the complexified Cartan algebra t C g of g and w the coordinate on the complex plane (for other gauge fields, it is then determined by chiral gauge transformations [19] ). When the group G is simply connected, i.e. G =G, one has
where χĝ k,Λ are the affine characters,
of the unitary highest-weight modules Vĝ k,Λ of level k and highest weight Λ of the affine algebraĝ associated to the Lie algebra g [28, 38] . Lĝ 0 stands for the corresponding Sugawara-Virasoro generator and cĝ k for the Virasoro central charge. The admissible highest weights Λ form a finite set P + k (g). We consider weights as elements of it g , identifying the latter space with its dual by means of the bilinear form tr.
For non-simply connected groups G =G/Z, the toroidal partition functions take a more complicated form [15] . The space of (regular) maps from T τ to G has different connected components that may be labeled by the windings:
where for z i = e
of Eq. (4.21) (viewed as a map on T τ via the parametrization of the complex plane by w = σ 1 + τ σ 2 ). Let
so that
, whereφ has trivial windings and may be lifted to a map from T τ toG, one may relate the functional integral for Z
(τ, A) to the one for ZG(τ, A) using the chiral Ward identities [19] . One obtains this way the formula
, (4.32)
where |Z| stands for the cardinality of Z and the values of
) may be found in Sec. IV of [25] . There exists a spectral flow Λ 1 / G zΛ on P + k (g) (and on the set of the corresponding highest-weight modules ofĝ) induced by the elements z of the centerZ ofG [15] . The highest weight zΛ is uniquely fixed by the property that
for some w z in the normalizer of the Cartan subgroup ofG. The characters of theĝ-modules with the highest weights connected by the spectral flow satisfy the relation
for any p 
where
defines a character on Z through its dependence on z 2 . Let, for z ∈ Z,
Summing both sides of Eq. (4.35) over z 1 and z 2 , one obtains the following formula for the complete partition function of the group G WZW model at level k :
The space of states of the model that can be read off from this formula has the form [15, 40] 
The transformation properties of the WZW partition function (4.35) under large gauge transformations hp∨
of Eq. (4.21) are determined by the equality 40) and by identity (4.34) for the affine characters. With help of these relations, one obtains
where, as before,
. It is easy to see, using Eq. (4.33), that
1 Λ on the right-hand side of Eq. (4.41) and using the relation
that follows from Eq. (4.42), one obtains Proposition 4.9. The transformation law of the toroidal partition function (4.35) under large gauge transformations is described by the identity
where the phases c (z1,z2),(z1,z2) are given by Eq. (4.22).
If we assume the gauge invariance Dϕ = D(hϕ) of the formal functional integral measure, then the above anomalous transformation property follows from the functional integral expression (4.30) and the relation
which is a consequence of Eq. (4.9) (the minimally coupled term of the WZW action (4.24) is invariant under all gauge transformations).
As an example, let us consider the simplest gauged WZW model that exhibits a global gauge anomaly, namely the one with the target group G = SU (3)/Z 3 at level k = 1 and the gauged adjoint action of Γ = G. For the simple coweights of su(3) (identified with the simple weights), we may take
The element z = e
] generates the center Z 3 of SU (3). The set P + 1 (su(3)) contains three weights Λ = r 1 λ 1 + r 2 λ 2 with (r 1 , r 2 ) = (0, 0), (1, 0), (0, 1). We shall denote the corresponding level 1 affine characters byχ (r1,r2) . The toroidal partition functionsZ
with fixed windings are, according to Eq. (4.35),
the transformation rule 4.44 implies that all the sectors with non-trivial windings suffer from global gauge anomalies. Summing over the windings, one obtains the total partition function of the level 1 WZW theory for the target group G = SU (3)/Z 3 :
It should be contrasted with the anomaly-free level 1 partition function for the covering groupG = SU (3):
D. Implications for coset models
Consider now the group Γ =H/Z Γ , whereH is a connected closed subgroup ofG with Lie algebra h ⊂ g and Z Γ =H ∩Z. Γ =Γ/Z Γ whereΓ is the covering group of Γ (and ofH) andZ Γ is the subgroup of its center composed of element that project to Z Γ ⊂H. Of course, one has to distinguish betweenZ Γ and Z Γ only if the subgroupH is not simply connected. The so-called G/Γ coset model of the conformal field theory is obtained by gauging the adjoint action of Γ on G =G/Z in the group G level k WZW model and by integrating out the gauge fields in the functional integral [2, 22, 32, 39] . In particular, the contribution of the topologically trivial gauge fields to the toroidal partition function of the G/Γ coset model is formally given by
where A are 1-forms on T τ with values in the Lie algebra h. Clearly, due to the decomposition (4.31),
The functional integral (4.50) may be computed by an appropriate parametrization of the gauge fields A [22] . In particular, when h is semi-simple, the result is [22, 32] 
of the level k unitary highest-weight modules of the affine algebraĝ into similar modules of the affine subalgebraĥ ⊂ĝ at the levelk induced by restricting the bilinear form k tr on g to h. By definition,
(4.54)
The decomposition (4.53) implies the one for the characters:
for u in the complexified Cartan algebra t C h of h. From the gauge transformation rule (4.44), we should expect that the sectors with fixed windings (z 1 , z 2 ) of the group G WZW theory which transform in the anomalous way under the large gauge transformations hp∨
/ G Γ give vanishing contributions to the partition function of the coset theory. This is, indeed, the case.
given by Eq. (4.52) vanishes.
Proof. Denote by P ∨ Γ the subset of the set P ∨ h ⊂ιt h ⊂ιt g of coweights of h composed of suchp ∨ that z = e 2πιp ∨ ∈Z Γ when viewed as elements ofΓ (or thatz ∈ Z Γ when viewed as elements ofH ⊂G).
The vanishing result is a consequence of the following properties of the branching functions:
The first of these relations follows from the fact that the central elements e If c (z1,z2),(z1,z2) = 1, then either exp[2πιk tr p
Similarly, using relation (4.57) and Eq. (4.43), we infer that if exp[−2πι k trp
As we see, global gauge anomalies in the WZW model lead to selection rules for the contributions to the partition functions of the G/Γ coset model. Let Z ′ ⊂ Z be the non-anomalous subgroup that is composed of the elements z = e 
Upon summation over windings in (Z ′ ) 2 , the partition function on the right-hand side may be rewritten in the form
where C ′ z is defined as in (4.37) but with the subgroup Z replaced by Z ′ . Due to relation (4.56), we may restrict the sum on the right-hand side to pairs (Λ, λ) such that the elements of e
act by multiplication by the same scalar in Vĝ k,Λ and in Vĥ k,λ . Then, also the pairs (z −1 Λ, λ) for z ∈ Z ′ and (zΛ,zλ) forz = e 2πιp ∨ will have this property due to Eq. (4.42). Besides, it follows from Eq. (4.43)
′ is strictly smaller than Z). As a result of this observations and of relation (4.57), one may rewrite the sum over weights on the right-hand side of Eq. (4.59) as a sum over orbits [Λ, λ] of the diagonal spectral flow ofZ Γ . Denoting by P z the space of such orbits with Λ ∈ C ′ z , we infer that In the case when G = SU (3)/Z 3 = Γ, the G/Γ coset theory is topological and its partition function is τ -independent. The branching functions vanish if Λ = λ and are equal to 1 otherwise. At level 1, all coset partition functions with non-trivial windings vanish and
In a consistent two-dimensional topological field theory, the partition function is equal to the dimension of the space of states and cannot take a fractional value, confirming the inconsistency of the level 1 G/Γ coset model for G = SU (3)/Z 3 = Γ. On the other hand, the non-anomalous subgroup Z ′ ⊂ Z = Z 3 is trivial so that G ′ =G = SU (3) in that case, and for the anomaly-free level 1G/Γ coset theory,
corresponding to a 1-dimensional space of states.
It was pointed out in [45] (for the diagonal coset models corresponding to simply connected groups G =G = G ′ ) that, in the presence of fixed points (Λ 0 , λ 0 ) of the diagonal spectral flow ofZ Γ , there is a further problem with the Hilbert space interpretation of the partition function (4.60) because of the appearance of the fraction
It was shown in [16] within an algebraic approach how to resolve such fixed points to repair this defect. Somewhat earlier, in [32] , it was argued that the problem may be resolved on the Lagrangian level by adding to the partition function (4.60) contributions from the sectors with gauge fields in the topologically non-trivial principal Γ-bundles P over T τ (it was also shown that such contributions vanish if there are no fixed points (Λ 0 , λ 0 ) of the diagonal spectral flow ofZ Γ ). For the sectors with topologically non-trivial gauge fields, the WZW sigma model fields are sections of the associated bundle P × Γ G with respect to the adjoint action of Γ and the globally gauge invariant WZW amplitudes in the gauge field background may be defined with the help of a Γ-equivariant structure on the WZW gerbe G k over G, as will be explained in the following section.
V. COUPLING TO GENERAL GAUGE FIELDS

A. Equivariant gerbes
We showed in Sec. III that the invariance of the Feynman amplitudes (3.10) under all gauge transformations requires the existence of a 1-isomorphism between the gerbes G 12 ≡ ℓ * G and I ρ ⊗ G 2 over Γ × M . Here, we shall strengthen this property by introducing the notion of Γ-equivariant gerbes in the way that will subsequently assure the gauge invariance of the Feynman amplitudes coupled to topologically non-trivial gauge fields. , β) , called a Γ-equivariant structure, such that
(iii) the following diagram of 2-isomorphisms between 1-isomorphisms of gerbes over Γ 3 × M is commutative:
of 2-isomorphisms between 1-isomorphisms of gerbes over Γ 2 × M is commutative. 1-isomorphic Γ-equivariant gerbes necessarily correspond to the same curvature H and to the same 2-form ρ and, consequently, to the same Γ-equivariantly closed extensionĤ. The identity 1-isomorphism of Γ-equivariant gerbes is given by the pair (χ, η) = (Id, Id) for which the diagram (5.3) reduces to a trivially commutative one. Finally, a Γ-equivariant 2-isomorphism
is commutative, which is trivially the case for the identity 2-isomorphism Id : χ + Q χ when also η ′ = η.
Remark
3. Γ-equivariant gerbes (G, α, β) over a Γ-space M may be pulled back to Γ-equivariant gerbes (f * G, f * 2 α, f * 3 β) over another Γ-space N along Γ-equivariant maps f : N / G M . Similarly, their 1-and 2-isomorphisms may be pulled back.
For any subgroup Γ
′ ⊂ Γ, the restriction induces a Γ ′ -equivariant gerbe from a Γ-equivariant gerbe (G, α, β).
5. For discrete groups Γ, the above definition of Γ-equivariant gerbes, 1-isomorphisms and 2-isomorphisms is equivalent to those introduced in [26] (where the actions of Γ that change the sign of the curvature 3-form H were also considered).
There is a sub-2-category Grb 
In particular, a gerbe G over M that is Γ-equivariant relative to the zero 2-form descends to a gerbe G ′ over M ′ whose pullback by ω is 1-isomorphic to G. The equivalence of Theorem 5.3 commutes with the pullback functors:
We give a proof of Theorem 5.3 in Appendix 4, employing results of [48] .
B. WZ amplitudes with topologically non-trivial gauge fields
In Sec. III, we discussed only topologically trivial two-dimensional gauge fields, i.e. connections in the trivial principal Γ-bundle over the worldsheet Σ. Here, we shall consider connections in a general principal Γ-bundle π : P / G Σ. Such connections are g-valued 1-forms A on P with the following defining property:
where r : P × Γ / G P is the right action of Γ on P . For a Γ-equivariantly closed 3-formĤ(X) = H + v(X), consider the 2-formρ A onM := P × M given by the formulã For maps and forms on the product spaces Γ n ×M , we shall use the notation from the beginning of Sec. III C, marking the subscript indices with a tilde. The subscript indices without a tilde will be reserved for the factors in the expanded expression Γ n × P × M for the same spaces. One has the following counterpart of Eq. (3.31):
(5.10)
A proof of Lemma 5.4 is given in Appendix 5.
Let G be a gerbe over M with the curvature H which extends to the Γ-equivariantly closed form H = H + v(X). Define a gerbeG A overM = P × M by setting
Note that the curvature ofG A is given by the closed 3-form
For the pullback ofH A under the actionl of Γ onM , we obtain from Lemmas 5.4 and 3.11:
It follows thatH A (without any further extension) is a Γ-equivariantly closed form onM .
Proposition 5.5. Let (G, α, β) be a Γ-equivariant gerbe over M in the sense of Definition 5.1 and let P be a principal Γ -bundle over the surface Σ with connection A. Then the gerbeG A overM = P × M may be canonically equipped with the structure of a Γ-equivariant gerbe relative to the zero 2-form.
Proof. First, we have to construct a 1-isomorphismα A of gerbes over Γ ×M :
It is obtained as the composition
where we used Lemma 5.4. Hence,α A is the tensor product of the identity 1-isomorphism of the gerbe I (ρA)12 with the 1-isomorphism α 1,3 .
Next, we have to construct a 2-isomorphismβ A between 1-isomorphisms of gerbes (G A )123 and (G A )3 over Γ 2 ×Mβ We have to check that the 1-isomorphismα A and 2-isomorphismβ A make the diagram Corollary 5.6. The gerbeG A onM descends to a gerbe G A on P M whose pullback alongω is 1-isomorphic toG A . In particular, the curvature of G A is equal to the closed 3-form H A on P M whose pullback toM coincides withH A .
In order to couple the sigma model with target M to a gauge field A in the principal Γ-bundle π : P / G Σ, one has to modify also the sigma-model fields. In the gauged model, they become global sections Φ : Σ / G P M of the associated bundle rather than maps from Σ to M .
Definition 5.7. Let (G, α, β) be a Γ-equivariant gerbe over M and P a principal Γ-bundle with connection A over a closed oriented surface Σ. The Wess-Zumino contribution of a field Φ : Σ / G P M to the gauged Feynman amplitude is defined by
(5.23)
Remark 5.8. The above constructions are functorial with respect to isomorphisms of principal bundles P . If P is trivial, i.e. P = Σ × Γ, then the gauge fields A may be related to g-valued 1-forms A on M by the formula A(x, γ −1 ) = Ad γ A(x) − Θ(γ) . In this case, the associated bundle P M may be naturally identified with Σ × M , and the gerbe G A with the gerbe G A defined by relation (3.9). One recovers this way the coupling to the topologically trivial gauge fields discussed previously, see Definition 3.3.
C. General gauge invariance
For the general case of gauge fields A corresponding to connections in a principal Γ-bundle π : P / G Σ, the general gauge transformations h are defined as sections of the associated bundle Ad(P ) = P × Ad Γ. The latter is composed of the orbits { (pγ
] of the action of Γ on P × Γ. Orbits [(p, γ 1 )] and [(p, γ 2 )] may be multiplied to [(p, γ 1 γ 2 )] so that Ad(P ) is a bundle of groups. Consequently, sections of Ad(P ) may be multiplied point-wise, forming the group of gauge transformations. An orbit [(p, γ)] acts (from the left) on the fiber π −1 (π(p)) ⊂ P by the mapping
This action induces a left action of gauge transformations h on P by principal Γ-bundle automorphisms λ h given by
Gauge transformations of the gauge field A are defined as
Note that the mapsL h := λ h × Id (5.27) fromM = P × M into itself are Γ-equivariant, i.e. they commute with the action (5.9) of Γ onM . Consequently, they descend to automorphisms L h of the associated bundle P M = P × Γ M . Gauge transformations of sections Φ of P M are defined by the formula
In the case of the trivial bundle P , the associated bundle Ad(P ) is also trivial and the sections h of Ad(P ) reduce to maps from Σ to Γ. Their action on gauge fields A agrees with the action (4.3) on the 1-forms A related to A as in Remark 5.8. Similarly, their action on sections Φ of the trivial associated bundle agrees with the one considered in Eq. (4.2). The invariance of the amplitudes A WZ (Φ, A) from Definition 5.7 in the case of the trivial bundle P is assured by the assumption of the Γ-equivariance of the gerbe G. Indeed, as follows from Corollary 4.5, only property (i) of Definition 5.1 is needed in that case to guarantee the gauge invariance under general gauge transformations. Here, we shall prove for a general principal Γ-bundles P , for all sections h of the bundle Ad(P ).
Proof. We have to show that
for every h, Φ and A. This follows if there exists a 1-isomorphism between gerbes L * h G hA and G A . Recall that gerbe G A over P M descended from the Γ-equivariant gerbe (G A ,α A ,β A ) overM , see Proposition 5.5 and Corollary 5.6. Since mapsL h ofM are Γ-equivariant, gerbe L *
coincide. The claim implies, in virtue of Theorem 5.3, that the descended gerbes L * h G A and G h −1 A over P M coincide as well and, hence, so do L * h G hA and G A . It remains to prove the above claim. From definitions (5.8) of the formρ A , (5.26) of hA and (5.27) of the actionL h onM , using, in particular, the fact thatL h acts trivially on the factor M in P × M , it follows immediately thatL *
This, in conjunction with definition (5.11), implies, in turn, the equality of gerbes
Recall from the proof of Proposition 5.5 thatα A is the tensor product of the identity 1-isomorphism of the gerbe I (ρA)12 with the 1-isomorphism α 1,3 . Now, the map (L h )2 of Γ ×M = Γ × P × M acts only on the factor P . Besides,
We infer this way that the 1-isomorphism (L h ) * 2α A is the tensor product of the identity 1-isomorphism of the gerbe Iρ and the claim is established.
VI. OBSTRUCTIONS AND CLASSIFICATION OF EQUIVARIANT STRUCTURES
In this section, we shall treat the obstructions to the existence and the classification of equivariant structures on a gerbe G over a Γ-space, see Definition 5.1. We shall start by discussing subsequently the obstructions to the three parts of the structure: 1-isomorphism α, 2-isomorphism β, and the commutative diagram (5.1).
A. Obstructions to 1-isomorphisms α
The first obstruction concerns the existence of 1-isomorphism α : G 12 / G I ρ ⊗ G 2 or, equivalently, the triviality of 1-isomorphism class [F ] ∈ H 2 (Γ × M, U (1)) of flat gerbe F = G 12 ⊗ G * 2 ⊗ I −ρ over Γ × M . It coincides with the obstruction to the general gauge invariance of the WZ amplitudes (3.10) coupled to topologically trivial gauge fields, see Corollary 4.5. By the Universal Coefficient Theorem,
). In the latter presentation, class [F ] is given by the holonomy of flat gerbe F along maps (h, ϕ) : Σ / G Γ × M defining singular 2-cycles, and its triviality is equivalent to the triviality of the holonomy. By the Künneth Theorem,
is generated by the singular 2-cycles corresponding to maps (h, ϕ) with ϕ taking a constant value in one of the connected components of M (π 0 (M ) is the set of such components). Similarly for
is generated by the maps
with h and ϕ giving rise to singular 1-cycles in Γ and M , respectively. Thus,
Accordingly, we obtain
) that obstructs the existence of 1-isomorphism α of Definition 5.1 decomposes as
4)
with the summands This applies to the case, studied in [26, 27] , of Γ-equivariant structures on the WZW gerbe G k overG for Γ = Z ⊂Z acting onG by multiplication.
Components of [F ]
For the Γ-space M = G in the coset-model context, see Definition 4.6, and with a WZW gerbe G k over G, the flat gerbe F = F k , see Sec. IV B. In decomposition (6.4) of cohomology class 
B. Local description of gerbes
In order to discuss further obstructions to the existence of a Γ-equivariant structure on a gerbe G over a Γ-space M , it will be convenient to use local data for gerbes and their 1-and 2-isomorphisms. We shall follow the discussion in the first part of Sec. VII of [25] . The local data live in the Deligne complex D(2)
associated to an open covering O of M . With U standing for the sheaf of smooth U (1)-valued functions and Λ n for the sheaf of n-forms, the groups of the Deligne complex are
where C ℓ (O, S) denotes the ℓ thČ ech cochain group of the open cover O, with values in a sheaf S of Abelian groups. The differentials are 
These groups may be identified, respectively, with the group of 1-isomorphism classes of gerbes, the group of isomorphism classes of flat line bundles, and the group of locally constant U (1)-valued functions on M .
In the following, we want to consider local data for gerbes and their 1-and 2-isomorphisms over the spaces Γ p × M that form a simplicial manifold with face maps
for q = p. .14), and such that
for all p ≥ 1, all 0 ≤ q ≤ p and all i ∈ I p . A construction of ref. [50] , reviewed in the Appendix of [25] , permits to build a simplicial sequence {O p } whose coverings O p refine the coverings of any given sequence of coverings of Γ p × M . Given a simplicial sequence {O p } of coverings of Γ p × M , one has induced cochain maps (6.16) satisfying the co-simplicial relations
for r < q. On the groups A n (O p ), besides the Deligne differentials 18) one has the simplicial operators
whose definition uses the lift (6.16) of the face maps to groups A n (O p ). Due to the co-simplicial relations (6.17), we have ∆ n,p+1 • ∆ n,p = 0. The differentials D n,p commute with pullbacks, and thus also with operators ∆ n,p . This endows the family K = (A n (O p )) of Abelian groups with the structure of a double complex. + Q α 12,3 is equivalent to the requirement that, for sufficiently fine {O p },
C. Obstructions to 2-isomorphism
with a ∈ A 0 (O 2 ) representing local data for β. Let us first note that 
that obstructs the solution of Eq. (6.21). However, since b was defined up to
. We obtain this way
for a sufficiently fine family of coverings {O p }. Then there exists 2-isomorphism β for a, possibly modified, choice of 1-isomorphism α if and only if the obstruction class
vanishes.
In the particular case with simply connected components of Γ and M , groups H 1 (Γ p × M, U (1)) are trivial and we obtain Corollary 6.4. If the connected components of Γ and M are simply connected then the class (6.24) obstructing the existence of 2-isomorphism β is zero.
This applies to the case of Z-equivariant structures on gerbes G k over groupsG discussed in [26, 27] .
In the general situation, a more precise description of spaces H 1 (Γ 2 ×M, U (1)) ⊃ H 1,2 may be provided with the help of the Universal Coefficient and Künneth Theorems. One has )) is represented by the sequences with elements
where m, resp. γ, are chosen points in the connected components [m] ∈ π 0 (M ), resp. [γ] ∈ π 0 (Γ), and ι )) is represented by the sequences with elements 
where L γ , R γ : Γ / G Γ denote, respectively, the left and the right multiplication by γ, r m (γ) = γm (as before), and we used the fact that the class in H 1 (Γ, U (1)) of the pullback of A 1 (O 1 ) along a constant map is trivial. When the group Γ is connected, we may choose its identity element as its special point and the above equations reduce to
In the case of a Γ-space M = G in the coset-model context of Definition 4.6, we may take m = 1 ∈ G in the last formulae which reduce then further to the relations
) runs through arbitrary element of H 1 (M, U (1)), it follows that the obstruction class (6.24) vanishes and, for an appropriate choice of b
. We obtain this way 
In view of the freedom of choice of b ′ , the cochain a is determined up to the replacement
. Cocycle a ′′′ describes the possible choices of 2-isomorphism β. The commutativity of the diagram (5.1) of 2-isomorphisms of gerbes over Γ 3 ×M is now equivalent to the condition that, after the restriction to a sufficiently fine simplicial sequence of coverings,
Note that, in any case,
Using the freedom in the choice of the cochain a and the relation
we infer Proposition 6.6. 2-isomorphism β may be chosen so that the diagram (5.1) of Definition 5.1 is commutative if and only if the obstruction class
vanishes. 
, where the action of π 0 (Γ) on U (1) π0(M) is induced from the action of Γ on M . If the identification is done by the formula
) become the coboundary operators δ p of the group π 0 (Γ) cohomology:
Corollary 6.7. Under identification (6.45), the cochain ∆ 0,2 a generates a 3-cocycle v 3 of the group π 0 (Γ) taking values in U (1) π0(M) and the obstruction coset (6.44) is the cohomology class
In particular, when Γ is discrete and M is connected, then [v 3 ] ∈ H 3 (Γ, U (1)). That is the situation for the Z-equivariant structures on gerbes G k over groupsG discussed in [26, 27] and mentioned already above. The obstruction cohomology classes [v 3 ] ∈ H 3 (Z, U (1)) were computed for these cases and simplẽ G in [24] .
Since the cohomology groups
is a trivial group, we obtain Corollary 6.8. If the symmetry group Γ is connected and 2-isomorphism β of Definition 5.1 exists, then it may always be chosen so that the diagram (5.1) commutes.
Putting
Theorem 6.9. For a Γ-space M = G in the coset-model context of Definition 4.6, a Γ-equivariant structure on the WZW gerbe G k over G exists if and only if the global-anomaly phases (4.22) are trivial, as, for example, for G =G.
E. Classification of equivariant structures
Suppose now that we are given two equivariant structures (α i , β i ), i = 1, 2, on gerbe G with local data c ∈ A 2 (O 0 ), D 2,0 c = 0, for a sufficiently fine simplicial sequence of coverings
gives local data for a Γ-equivariant structure on the trivial gerbe I 0 (relative to ρ = 0). It satisfies the homogeneous equations
There is an isomorphism (χ, η) between the equivariant structures (α i , β i ) if there exist: a cocycle 
is the group of isomorphism classes of Γ-equivariant structures on the trivial gerbe I 0 . It acts freely and transitively on the set of isomorphism classes of Γ-equivariant structures on gerbe G. In other words, Proposition 6.10. The set of isomorphisms classes of Γ-equivariant structures on gerbe G is a torsor for the Abelian group H 2 (J ).
Denote by H 1,1 the image of the map [∆ 1,0 ] :
) that sends class [e] to class [∆ 1,0 e]. In terms of the decomposition (6.25) and (6.26),
Since b ′ is a D 1,1 -cocycle, one may consider the map
of the form (6.49), the map (6.52) induces a homomorphism
of Abelian groups. To describe the image and the kernel of κ, we shall do some tracing of diagrams.
) and it generates, via Eq. (6.45), a 3-cocycle v 3 on group π 0 (Γ) with values in U (1) 
Now, let us study the kernel of κ. 
is defined modulo coboundaries of the 1-cochains u 1 corresponding to f ′′ so that the cohomology class [
is of the form (6.49). This shows Lemma 6.12. The kernel of the map κ of (6.53) may be identified with the cohomology group
Let us look at some special cases. First, if (1)), then the homomorphism κ vanishes and we obtain from Lemma 6.12: Corollary 6.13. In the case when the connected components of Γ and M are simply connected,
This is the result that gives, e.g., the classification of Z-equivariant structures on gerbe G k overG for Z ⊂Z acting by multiplication, see [24, 26, 27] .
Suppose now that Γ is connected so that Γ =Γ/Z Γ , whereΓ is a simply connected Lie group andZ Γ is a subgroup of the center ofΓ. One has H 1 (Γ) ∼ = π 1 (Γ) ∼ =ZΓ. Lemma 6.12 implies in that case that κ is injective onto its image which, by Lemma 6.11 and Eq. (6.37), is composed of the cosets [
in the decomposition (6.25) and (6.26) . From the explicit form (6.51) of H 1,1 , we then infer Corollary 6.14. If the group Γ and manifold M are connected, then 55) where Z * M is the group of characters of the kernel Z M of the homomorphism from
In particular, we have Remark 6.18. The dependence of the gauged WZ amplitudes on the choice of an equivariant structure is another manifestation of the phenomenon of "discrete torsion" [51] In the particular situation where manifolds Γ, M and Σ are connected, Corollary 6.14 implies that
We shall denote by χ K the character of Z M corresponding to K ∈ H 2 (J M ) and by χK the one of ZM corresponding toK ∈ H 2 (JM ). The relation
is now given by the restriction of the characters, whereas the homomorphism νM is induced by the map τM : U (1) ) of the exact sequence (6.59). The problem of ambiguities of the gauged WZ amplitudes may be completely settled in this case employing a construction of homomorphism τM along the lines of Appendix 6 and an explicit description of principal Γ-bundles over Σ [32] .
Up to isomorphism, such bundles may be obtained by gluing D × Γ and (Σ \Ḋ) × Γ, where D is a closed unit disc embedded into Σ andḊ its interior, via the identification
we assume based at the unit element: γ(1) = 1. The Γ-bundle P depends, up to isomorphism, only on the element z P ∈Z Γ ∼ = π 1 (Γ) corresponding to the homotopy class of the transition loop. The associated bundle P M is then obtained by gluing D × M and (Σ \Ḋ) × M via the identification
A global section Φ : Σ / G P M is given by two maps
According to Appendix 6, the homomorphism τM , mapping
), associates to a character χ ∈Z * Γ a 1-isomorphism class of a flat gerbe G χ on P M . Consequently, the phase [Φ], νM (K 2 ) is equal to the holonomy Hol Gχ (Φ) for a character χ ofZ Γ extending χ K . The flat gerbe G χ may be trivialized over D × M and (Σ \Ḋ) × M . It is then given by a transition line bundle [31] over S 1 × M obtained by pulling back the flat line bundle L χ over Γ, described in Appendix 6, along the map
Using such a presentation of gerbe G χ , it is easy to see from the geometric definition of the holonomy of gerbes, see, e.g., [23] , that the phase Hol Gχ (Φ) is given by the holonomy of the loop e˙ι
the line bundle L χ over Γ. The latter is equal to the value of the character χ on the element z P ∈Z Γ .
The above phase should be independent of the extension χ of the character χ K from the subgroup Z M toZ Γ . This does not seem evident. Here is the resolution of the puzzle. Let φ i be the maps representing section Φ of P M . As a boundary value of a map from the disc to M , the 1-cycle
is homologous to a constant 1-cycle. Hence the 1-cycle
which is a boundary value of a map from Σ \Ḋ to M and, as such, has a trivial class in H 1 (M ), is homologous to
for any point m ∈ M . But the triviality of the class in H 1 (M ) of the latter 1-cycle is just the condition that z P ∈ Z M . Note that in the coset context, there always exists a section Φ ≡ 1 of the associated bundle given by φ i ≡ 1. In that case z P always belongs to Z M =Z Γ . We may summarize the above discussion in Theorem 6.19. Let Γ, M , and Σ be connected and P be the principal Γ-bundle over Σ associated to z P ∈ π 1 (Γ). Then 1. if z P ∈ Z M then there are no global sections Φ of the associated bundle P M ;
2. for any global section Φ :
In particular, if P is trivializable then z P = 1 and the gauged WZ amplitudes are independent of the choice of a Γ-equivariant structure (and may be defined in more general circumstances discussed in the first part of the paper).
In [32] , K. Hori studied an example of the coset theory based on the WZW model with simply connected groupG = SU (2) × SU (2) at level (k, 2) and with gauged adjoint action of Γ = diag(SU (2))/diag(Z 2 ). He argued, using the supersymmetry present in the coset model, that the contribution of the sector with gauge fields in the non-trivial Γ-bundle P to the coset toroidal partition function was equal to 1 2 , but that a choice of a different θ-vacuum should lead to the contribution equal to − 1 2 . SinceZ Γ = Z 2 in this case, the phase ±1 describes indeed the ambiguity of the topologically non-trivial sector due to the freedom of choice of an SO(3)-equivariant structure on gerbe G (k,2) over SU (2) × SU (2). For k odd, such ambiguity is not visible in the partition function. Indeed, in this case there are no fixed points of the joint spectral flow of weights under the non-trivial element ofZ Γ ,
and, as a result, the contribution of the topologically non-trivial sector to the toroidal partition function vanishes [32] .
VII. Ad-EQUIVARIANT WZW GERBES OVER SIMPLY CONNECTED GROUPS
In order to illustrate the concept of Γ-equivariant gerbes, we shall return to the situation discussed in Sec. IV B involving the WZW gerbes G k over connected compact simple groups G =G/Z viewed as Γ-spaces for Γ =G/Z acting by the adjoint action. Recall that Theorem 6.9 states that gerbes G k possess Γ-equivariant structures whenever the phases (4.22) are trivial, so always for G =G. Such structures are composed of 1-isomorphism α and 2-isomorphism β, see Definition 5.1. They are classified by the dual group ofZ, see Corollary 6.15. What follows is devoted to an explicit construction of Γ-equivariant structures on gerbes G k over simply connected groupsG.
Instead of the local data formalism used in Sec. VI, we shall employ below a geometric presentation of gerbes and their 1-and 2-isomorphisms, see, e.g., [27] . In such a presentation, a gerbe G over M with curvature H is a quadruple (Y, B, L, µ) where π : Y / G M is a surjective submersion, B is a 2-form on Y , called curving, such that dB = π * H, L is a line bundle over the fiber-product 
). An explicit geometric construction of gerbes G k over M =G with k ∈ Z was given in [41] and is somewhat involved. We shall use here its description from [24] , see also Sec. 4.1 of [20] .
A. WZW gerbes over compact simply connected simple Lie groups As before, coroots, coweights, roots and coroots will be considered as elements of the imaginary Cartan subalgebraιt ⊂ιg identified with its dual with the help of the bilinear form tr. The normalization of tr makes the length squared of long roots equal to 2. α i , α 
and, for I ⊂ R, let A I = ∩ i∈I A i and O I = ∩ i∈I O i . Subsets O I ofG are open and Ad-invariant. They are composed of elements g = Ad hg (e 2πιτ ) with h g ∈ G and τ ∈ A I . The expressions
where Θ(h g ) = h −1 g dh g , define smooth 2-forms on O i such that dB i = H k | Oi . For groups SU (n), it is enough to take Y = ⊔ i O i , see [7, 23] . In order to have a unique construction of gerbes G k for all compact simply connected simple Lie groups, one makes a more involved choice [41] .
Consider the stabilizer subgroups,
In particular, G i is composed of the elements ofG that commute with e 2πιτi . The Cartan subgroup T ⊂G is contained in all G I . The maps
are well-defined because the adjoint-action stabilizers of e 2πιτ for τ ∈ A I are contained in G I . They are smooth, see Sec. 5.1 of [41] . One introduces principal G I -bundles π I :
For the gerbes
with π : Y / GG restricting to π i on P i and the 2-form B restricting to π *
for I = {i 1 , . . . , i n }, and for G I acting onŶ i1..in diagonally by the right multiplication. The fiber power Y
[n] of Y may be identified with the disjoint union of Y i1..in by assigning to the G I -orbit of ((g, h), γ i1 , .., γ in ) the n-tuple (y 1 , .., y n ) ∈ Y
[n] with y m = (g, hγ
The construction of the line bundle L over Y [2] uses more detailed properties of the stabilizer groups G I . For I ⊂ J ⊂ R, G J is contained in G I . The smallest of those groups, G R , coincides with the Cartan subgroup T ofG. Groups G I are connected but not necessarily simply connected. Let g I ⊃ t denote the Lie algebra of G I and let e I be the exponential map from g I to the universal coverG I . One has
where Q ∨ ⊂ t is the coroot lattice of g. The exponential map e I maps t to the Abelian subgroup T I ⊂G I . For I ⊂ J, the groupG J maps naturally intoG I and Z J into Z I . One shows that the formula χ i (e 2πιτ i ) = e 2πι tr τiτ (7.10) for τ ∈ t defines a character χ i :T i / G U (1). By restriction, χ i determines a character of Z i . One may also define a 1-dimensional representation χ ij :G ij / G U (1) by the formula
where a ij =ι tr (τ j − τ i ) Θ(γ ij ) is a closed 1-form on G ij (γ ij is identified with a homotopy class of a path in G ij starting at 1). For τ ∈ιt one has:
) .
(7.12)
Over spaceŶ ij , there is a line bundleL ij whose fiber over ((g, h), γ i , γ j ) is composed of the equivalence classes [γ i ,γ j , u ij ] ij with respect to the relation
forγ i ∈G i ,γ j ∈G j projecting to γ i ∈ G i and γ j ∈ G j , respectively, and u ij ∈ C, ζ i ∈ Z i , ζ j ∈ Z j . One twists the natural flat structure ofL ij by the connection form
The right action of G ij onŶ ij lifts to the action onL ij defined by
for γ ij ∈ G ij andγ ij its lift toG ij . The hermitian structure and the connection ofL ij descend to the quotient bundleL ij /G ij = L ij over Y ij and the line bundle L over Y [2] for the gerbe G k is taken as equal to L ij when restricted to Y ij . The curvature 2-form F ij of L ij lifts toŶ ij to the 2-form dÂ ij that coincides with the lift toŶ ij of the 2-form B j − B i . This gives the required relation F = B 2 − B 1 between the curvature F of the line bundle L over Y [2] and the curving B on Y .
The groupoid multiplication µ of G is defined as follows.
with y = (g, hγ
be the elements in the appropriate fibers of L given by the G ijk -orbits of
The action ofZ onG × Y [2] induced by (7.22) may be lifted to the one onG × L given by 25) where for ℓ ij given by the G ij -orbit (7.16) 26) withz standing for any lift of z ∈Z toG ij . We introduce a special symbol for this action to distinguish it from another one that will be defined below. As line bundles,
In order to obtain the correct connection on L 12 , the one onG × L has to be modified by twisting the flat structure onG ×L ij by the connection 1-form
rather than byÂ ij of Eq. (7.15).
, where (G k ) 2 is the pullback of G k to Γ ×G along the projection to the second factor. It will be convenient to identify
where nowZ acts only onG. The projection π 2 : Y 2 / G Γ ×G is induced upon this identification by the map (γ, y) 1 / G (γ, π(y)). Similarly,
withZ always acting trivially on the 2 nd factor.
The first part of data for 1-isomorphism α is a line bundle E over W 12 := Y 12 × (Γ×G) Y 2 , see [26] . E has to be equipped with a connection whose curvature form F E is equal to (B 2 + π It was shown in [41] that the map 
] is a well defined closed 2-form on O ij which, when pulled back to Y ij ⊂ Y [2] , coincides with the curvature form of L| Yij = L ij . In order to assure the correct curvature of E, we shall additionally twist the connection ofG × L| Yij in (7.32) by the pullbacks toG × Y ij of the formŝ
A straightforward check shows that the resulting connection inG × L descends to the quotient by the action (7.33) ofZ. Note that the resulting bundles E differ for different characters χ ofZ by tensor factors that are pullbacks to W 12 of flat bundles over Γ. 
with the action
ofZ. Suppose that (y 1 , y
are given by G i1j1i2j2 -orbits of
The bundle isomorphism α of (7.38) will be generated by a mapα such that
Consistency requires thatα commutes with the action ofZ, i.e. that
In view of Eqs. (7.26), (7.34) and (7.44) , this is guaranteed by the relation
which follows from identity (7.12). That the bundle isomorphism α preserves the connections follows from the equality of the (modified) connection forms
which is easy to check.
For the bundle isomorphism α to define a gerbe 1-isomorphism from (G k ) 12 to I ρ k ⊗ (G k ) 2 , one has to require a proper behavior with respect to the groupoid multiplication [26] . More precisely, what is needed is the coincidence of two composed isomorphisms of line bundles over W [3] 12 . The first one is
with the exterior subscripts referring to the components of W [3] 12 . The second one is
Straightforward verification that they coincide is carried out in Appendix 7. 
in order to identify
As line bundles,
for the action
The connection in L has to be modified by twisting the flat structure ofG 2 ×L ij by the connection 1-form (γ 1γ2 ) * Â ij , see Eq. (7.28 56) where now the action ofZ 2 is induced from the one onG 2 ×Ỹ given by
for the action 59) with the connection ofG 2 × L modified now using 1-formsγ * 2Âij . Finally, for gerbe ( For the fiber-product space
2 , y ′′ )) (7.62) ofZ 2 . We may pull back the line bundle E over W 12 in three different ways to W 123 , obtaining the respective line bundles E 1,23 , E 2,3 and E 12,3 . One has
The actions ofZ 2 above are defined as follows. If (y, y ′ , y ′′ ) ∈ Y ijk ⊂ Y [3] and ℓ ij , ℓ jk and ℓ ik are as in (7.17) 
The connection of L in the three pullbacks in (7.63) has to be modified by twisting the flat structure of G 2 ×L ij by the 1-form 
There is a natural isomorphism β :
given by the groupoid multiplication µ in L, i.e. induced by the map
Indeed,β commutes with the action ofZ
Besides,β intertwines the modified connections sincê
ik , (7.72) as a short calculation shows.
For the line bundle isomorphism β to provide a gerbe 2-isomorphism required by Definition 5.1, one needs (see [26] ) that over
with the action ofZ 2 induced from that in (7.62), the diagram of line bundle isomorphisms
with the exterior subscripts referring to the pullbacks to W [2] 123 and with the obvious pullbacks omitted, be commutative. This is checked in Appendix 8.
D. Commutativity of diagram (5.1)
This is the identity
for composed 2-isomorphisms between 1-isomorphisms of gerbes over Γ 2 ×G (see [52] for the abstract definition of the vertical • and horizontal • compositions of 2-morphisms). The left-and the right-hand side are the following compositions of the isomorphisms of line bundles:
β1,2,34⊗Id
respectively, over the fiber-product space 4 . It is checked in Appendix 9 that they coincide. This proves identity (7.75) establishing the commutativity of diagram (5.1) of Definition 5.1 and completing the construction of Γ-equivariant structures on gerbe G k overG for the adjoint action of Γ =G/Z onG.
Theorem 7.1. The Γ-equivariant structures on the WZW gerbe G k overG constructed above are nonisomorphic for different characters χ :Z / G U (1) and each Γ-equivariant structure on G k is isomorphic to one of them.
Proof. The general discussion of classification of Γ-equivariant structures in Sec. VI E showed that different isomorphism classes of Γ-equivariant structures correspond in this case to cohomology classes [b ′ ] ∈ H 1 (Γ × M, U (1)) ∼ = H 1 (Γ, U (1)) in the image of homomorphism κ, see Corollary 6.15. The classes [b ′ ] are the isomorphism classes of flat line bundles over Γ by which differ the line bundles E over W 12 involved in the above construction of 1-isomorphisms α of Definition 5.1. Different choices of characters χ :Z / G U (1) correspond to tensoring E with such flat line bundles, as was remarked in Sec. VII B. The claim of the theorem now follows from the isomorphism of H 1 (Γ, U (1)) with the character groupZ * .
VIII. CONCLUSIONS
We revisited the problem of the gauging of rigid symmetries in two-dimensional sigma models with the Wess-Zumino action related to a closed 3-forms H on the target manifold. For topologically trivial gauge fields given by global Lie-algebra valued 1-forms on the worldsheet, the gauging prescription of refs. [36] and [35] assures infinitesimal gauge invariance. We showed, however, that it may lead to global gauge anomalies. We classified such anomalies using geometric tools based on the theory of bundle gerbes. Global gauge anomalies occur, for example, in numerous WZW sigma models with non-simply connected target groups when one gauges their adjoint symmetries. They lead to the inconsistency of the corresponding coset models obtained by integrating out the external gauge fields in the respective gauged WZW models. We introduced geometric structures called equivariant gerbes, living on the target space, that permit an anomaly-free coupling of WZ amplitudes to arbitrary (also topologically non-trivial) gauge fields. A detailed analysis of obstructions to the existence of such structures was performed and their classification was obtained. In particular, we showed that the gerbes relevant to the WZW theories with compact semi-simple target groups can be equipped with equivariant structures with respect to adjoint symmetries if and only if there is no global gauge anomaly in the coupling of the WZW model to topologically trivial gauge fields. We explicitly constructed all nonequivalent equivariant structures in the case of simply connected target groups. Different equivariant structures result in the coupling to topologically non-trivial gauge fields that differs by phases. We showed that such ambiguities are given by characters of the fundamental group of the symmetry group, if the latter is connected. We do not know if, in general, the existence of equivariant gerbes is also a necessary condition for the existence of non-anomalous coupling of WZ amplitudes to topologically non-trivial sector, but this is a plausible conjecture. The analysis of the present paper was limited to the case of oriented closed worldsheets. Local gauge anomalies on worldsheets with boundary were studied in [12] . A generalization of the present work to the case of such worldsheets, or worldsheets with conformal defects, will be discussed in a separate publication. An extension of WZ amplitudes to unoriented surfaces requires an additional structure on gerbes that was introduced under the name of Jandl structure in [46] , see also [26, 27] . We plan to discuss the interrelation between equivariant structures, Jandl structures, and multiplicative structures on gerbes of [5, 25, 53] , in a future study, with applications to orientifolds of coset models. Other possible extensions of our work should cover the cases of WZW and coset theories with non-compact targets, supersymmetric sigma models, and applications to global aspects of T -duality [33] . It should also be possible to study global gauge anomalies for higher dimensional WZ actions on spacetimes with arbitrary topology using the theory of bundle n-gerbes [6] .
IX. APPENDICES
Proof of Proposition 3.1
We have to find conditions under which the coupled amplitudes A(ϕ, A) given by Eq. In order to proceed, it will be easier to employ a basis (t a ) in g, writing A = t a A a , Λ = t a Λ a and using the notations of Remark 3.2.2. Eq. (A.1.5) may then be rewritten as 1.6) where the terms in the last line were obtained by integration by parts. Since Λ a are arbitrary functions on Σ, we infer that the 2-form
on Σ has to vanish for all maps ϕ : Σ / G M and all 1-forms A a on Σ. It is easy to see that this imposes the separate constraints where
is a 2-form on the product space Σ × M that is identified in of 2-categories. Here, M is assumed to be a left principal Γ-bundle over M ′ . On the left-hand side of (A.4.1) is the 2-category of Γ-equivariant gerbes over M whose 2-form ρ vanishes. On the right-hand side is the 2-category of gerbes over the quotient M ′ = M/Γ. We shall show that the equivalence (A.4.1) is a consequence of the fact that gerbes form a sheaf of 2-categories over smooth manifolds. We shall first recall some details about this fact.
Associated to any surjective submersion ω : M / G M ′ , we consider the descent 2-category Des(ω) defined as follows, with π i1...iq standing for the projection from a p-fold fiber-product M over M [3] such that the diagram of 2-isomorphisms over M [4] is commutative. A 1-morphism .4.4) in Des(ω) is a 1-isomorphism D : G a / G G b of gerbes over M and a 2-isomorphism
